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This paper is intended to investigate the luminosity due to accretion of gas in supermassive black
holes (SMBHs) in the center of quasars, using a brane-world scenario naturally endowed with extra
dimensions, whereon theories formulated introduce corrections in the field equations at high energies.
SMBHs possess the necessary highly energetic environment for the introduction of these corrections,
which are shown to produce small deviations in all SMBH properties and, consequently, corrections
in the accretion theory that supports quasars radiative processes. The radiative flux observed from
quasars indicates these deviations, from which the magnitude of the AdS5 bulk curvature radius,
and consequently the extra dimension compactification radius is estimated.
PACS numbers: 02.40.Ky, 04.20.-q, 11.25.-w
I. INTRODUCTION
Investigations concerning extra dimensions have been had considerable activity recently, and have been motivated
by possible extra dimensions arising within a TeV scale for quantum gravity. The idea that the universe is trapped
on a membrane in some higher-dimensional spacetime may explain why gravity is so weak, and could be tested at
high-energy particle accelerators. In this context, the observable universe can be described by a 1 + 3 manifold, the
so-called brane, embedded in a spacetime with 1 + 3 + δ dimensions, denominated bulk, where δ is the number of
extra dimensions. The idea of extra dimensions dates back to the 1890s, when Heinrich R. Hertz [1] and Luther P.
Eisenhart [2] dextrously proposed the trajectories of a general conservative system in classical dynamics can be put
into a one-to-one correspondence with the geodesics of a suitable Riemannian manifold in one higher dimension [3].
Thereafter in the 1920s, the second attempt to include extra dimensions in a physical theory was made by Theodor
Kaluza and Oskar Klein [4, 5]. They suggested a unification of electromagnetism and gravity into a geometrical
formulation, involving one extra dimension that, when compactified, makes a unique formalism that unravels the
Lorentz and the U(1) gauge symmetry of electromagnetism simultaneously.
In spite of the possible existence of extra dimensions, they still remain up to now unaccessible to experiments.
Kaluza-Klein (KK) and string theories indicate the introduction of compact extra dimensions [6] of small radii of size
of the order of the Planck scale, lP ∼ 10
−33 cm. Those unaccessed dimensions can also be as large as millimeters,
implying deviations of the Newton’s law of gravity at these scales, and the highest energy particle accelerators extend
our range of sight to include the weak and strong forces down to small scales, around 10-15 mm. Below about 1 mm,
objects may be gravitating in more dimensions. The electromagnetic, weak and strong forces, as well as all the matter
in the universe, would be trapped on a brane with three spatial dimensions. Only gravitons would be able to leave
the surface and move throughout the full volume [7, 8, 9, 10].
At low energies, gravity is localized on the brane and general relativity is recovered, but at high energies, significant
∗Electronic address: roldao@ifi.unicamp.br
†Electronic address: carlos@astro.iag.usp.br
‡Electronic address: thmar@vn.com.br
2changes are introduced in gravitational dynamics, forcing general relativity to break down to be overcome by a
quantum gravity theory [11]. A plausible reason for the gravitational force appear to be so weak can be its dilution
in possibly existing extra dimensions related to a bulk, where p-branes [7, 8, 9, 10, 12, 13] are embedded. p-branes
[14, 15] are good candidates for brane-worlds because they possess gauge symmetries [8, 9, 10] and automatically
incorporate a quantum theory of gravity. The gauge symmetry arises from open strings, which can collide to form a
closed string that can leak into the higher-dimensional bulk. The simplest excitation modes of these closed strings
correspond precisely to gravitons [16].
It has been suggested the existence of infinite extra dimensions [17, 18], where particles in the bulk can be detectable
in low energy as 4-dimensional fields [19]. Also, an alternative scenario can be achieved using 5-dimensional theories
over manifolds endowed with the Randall-Sundrum metric (RS), which induces a volcano barrier-shaped effective
potential for gravitons around the brane [20]. The corresponding spectrum of gravitational perturbations has a
massless bound state on the brane, and a continuum of bulk modes with suppressed couplings to brane fields. These
bulk modes introduce small corrections at short distances, and the introduction of more compact dimensions does
not affect the localization of matter fields. However, true localization takes place only for massless fields [21], and
in the massive case the bound state becomes metastable, being able to leak into the extra space. This is shown to
be exactly the case for astrophysical massive objects, where highly energetic stars and the process of gravitational
collapse, which can originate black holes, leads to deviations from the 4D general relativity problem.
We can explore the idea that, if black holes and specially the supermassive black holes (SMBHs) present in the
nucleus of galaxies and quasars, do cause deviations from the 4D general relativity, these corrections should cause
a small deviation in all SMBH properties. Consequently, corrections in the accretion theory that supports quasars
radiative processes. The radiative flux observed from quasars can then indicate these deviations and the AdS5 bulk
curvature radius.
In order to the article to be as self-contained as possible, in the first three Sections we make a brief review about
field equations on the brane. Although the description of black hole theory on the brane is relatively well known, there
are still some inconsistencies. One of them is the apparent discrepancy between the perturbation of the Schwarzschild
form, coming from the correction in the gravitational potential that arises from KK modes in RS formalism, and the
large bulk curvature radius, which is computed via quasar observations.
It is also shown an observational constraint between the given perturbation in the Schwarzschild metric and the
Schwarzschild radius on the brane, showing the magnitude of the AdS5 bulk curvature radius, and subsequently the
extra dimension compactification radius. By a gedanken experiment concerning quasar luminosity, we obtain as a
result a large bulk curvature radius, and consequently a compactification radius k ≈ 10−14cm. This can indicate
remarkable guidelines in the future compactification scale investigations.
This article is organized as follows: in Section 2, Einstein field equations, written in terms of the Weyl tensor, the
tensor splittings on the brane and Codazzi equations, are used to derive a field equation on the brane. In Section
3 we derive a suitable expression for this field equations, supposing the conservation of energy in the brane and
the Israel-Darmois junction conditions. In Section 4, a Schwarzschild black hole on the brane is investigated in this
context, and in Section 5 the range of the AdS5 curvature radii due to theory of accretion in quasars is computed,
together with the extra dimension compactification radius. Finally we present in Appendix some geometrical features
concerning the Weyl tensor, after proposing in the Concluding Remarks, two alternative perspectives, respectively
cohomological, concerning Penrose’s twistor theory [22, 23, 24], and geometrical, using brane-world scenarios over non-
orientable manifolds in order to circumvent all the formal prerequisites necessary to approach the arising questions of
the present formalism.
II. FIELD EQUATIONS ON THE BRANE
In what follows, we adopt natural units, where c = 1 and G = 1, where c denotes the light speed and G the
gravitational constant. In this section we present and discuss the mathematical preliminaries necessary to explore the
cosmological theory of black holes and quasars in brane-world scenarios constraining the AdS5 universe radius. For a
complete exposition about arbitrary manifolds and fiber bundles, see, e.g, [25, 26, 27, 28, 29]. Hereon {eµ}, µ = 0, 1, 2, 3
[{eA}, A = 0, 1, 2, 3, 4] denotes a basis for the tangent space TxM at a point x in M , where M denotes the manifold
modelling a brane embedded in a bulk. Naturally the cotangent space at x has an orthonormal basis {θµ} [{θA}] such
that θµ(eν) = δ
µ
ν . If we choose a local coordinate chart, it is possible to represent eA = ∂/∂x
A ≡ ∂A and θ
A = dxA.
Given the extrinsic curvature K = KABθ
A ∧ θB, it is possible to project the bulk curvature on the brane.
Take n = nAeA a vector orthogonal to TxM and let y be the Gaussian coordinate orthogonal to the TxM , on the
brane at x, indicating how much an observer upheave out the brane into the bulk. In particular we have nAdX
A = dy.
A vector v = vAeA in the bulk is split in components in the brane and orthogonal to the brane, respectively as
v = vµeµ + ye4 = (v
µ, y). Since the bulk is endowed with a non-degenerate bilinear symmetric form g that can be
3written in a coordinate basis, where eA := dxA, eA = ∂/∂x
A, as g = gABdx
A ⊗ dxB , the components of the metric
on the brane and on the bulk are hereon denoted respectively by gAB and
(5)gAB, and related by [30]
(5)gAB = gAB + nAnB. (1)
The Gauss equation, relating curvatures in a 5-dimensional spacetime projected in a 4-dimensional one, can be
written as [25, 30, 31]:
RABCD =
(5)REFGHg
A
E g
F
Bg
G
Cg
H
D +K
A
CKBD −K
A
DKBC
= (5)REFGH(
(5)g AE − nEn
A)((5)gFB − n
FnB)(
(5)gGC − n
GnC)(
(5)gHD − nDn
H) +KACKBD −K
A
DKBC(2)
Now it arises, from the antisymmetry of the first two and the last two indices of the Riemann tensor, that all but the
terms
(5)REFGH
(5)g AE
(5)gFB
(5)gGC
(5)gHD +K
A
CKBD −K
A
DKBC (3)
survive in Eq.(2) when we contract the Riemann tensor indices in order to obtain the Ricci scalar. We then consider,
without loss of generality in what follows that
RABCD =
(5)RABCD +K
A
CKBD −K
A
DKBC .
Contracting the indices and left multiplying by gCA, the components of the Ricci form in the bulk are derived
RBD = (
(5)gCA − n
CnA)
(5)RABCD + (Tr K)KBD −K
C
DKBC + g
C
AR
A
BCDn
AnB, (4)
and, in the brane, we have:
Rµν =
(5)RBDg
B
µg
D
ν −
(5)RABCDn
CnAg
B
µg
D
ν + (Tr K)Kµν −K
C
ν KµC . (5)
Using eq.(4), the Ricci scalar is calculated from the following equation:
R = gBDRBD =
(5)R− (5)RBDn
BnD − (5)RABCDnAn
C (5)gBD + (Tr K)2 −KBCKBC +R
A
BCDnAn
BnCnD (6)
Expressing gBD = gBµg
D
νg
µν yields
Rgµν =
(5)RgBDg
B
µg
D
ν −
(5)RBDn
BnDgµν −
(5)RABCDnAn
CgBµg
D
ν + [(Tr K)
2 − (Tr K2)]gµν . (7)
From eqs.(5) and (7), the tensor Gµν := Rµν −
1
2Rgµν is given by:
Gµν =
(
(5)RBD −
1
2
(5)RgBD
)
gBµg
D
ν +
1
2
(5)RBDn
BnDgµν +
1
2
(5)R AC nAn
Cgµν −
(5)RABCDnAn
CgBµg
D
ν
−
1
2
(5)RABCDn
BnCnDnAgµν + (Tr K)Kµν −K
C
ν KµC −
1
2
gµν
(
(Tr K)2 − (Tr K2)
)
. (8)
Since gBD =
(5)gBD − nBnD, then
Gµν =
(
(5)RBD −
1
2
(5)R(5)gBD
)
gBµg
D
ν +
(5)RBDn
BnDgµν +
1
2
(5)R AC nAn
Cgµν −
(5)RABCDnAn
CgBµ g
D
ν
−
1
2
(5)RABCDn
BnCnDnAgµν + (Tr K)Kµν −K
C
ν KµC −
1
2
gµν((Tr K)
2 − (Tr K2)). (9)
Using Einstein equations [30], it is possible to write
(5)GAB = −
1
2
Λ5
(5)gAB + κ
2
5
(5)TAB, (10)
where Λ5 denotes the cosmological constant in the bulk, which prevents gravity from leaking into the extra dimension
at low energies. The field equations on the brane can be written as
Gµν = −
1
2
Λ5gµν + κ
2
5
(5)Tµν +
(5)RBDn
BnDgµν +
1
2
(5)R AC nAn
Cgµν
−(5)RABCDnAn
CgBµg
D
ν −
1
2
(5)RABCDn
BnCnDnAgµν + (Tr K)Kµν −K
C
ν KµC
−
1
2
gµν((Tr K)
2 − (Tr K2)). (11)
4where κ5 = 8πG5. The Riemann tensor can be expressed as a combination of the Weyl tensor, the Ricci tensor and
the Ricci scalar, as (5)RABCD =
(5)CABCD +
(5)DABCD, where
(5)CABCD denotes the Weyl tensor and
(5)DABCD can
be written as [32]
(5)DABCD =
2
3
(
(5)gAC
(5)RDB −
(5)gAD
(5)RCB −
(5)gBC
(5)RAD +
(5)gBD
(5)RAC
)
−
1
6
(
(5)gAC
(5)gBD −
(5)gAD
(5)gBC
)
(5)R. (12)
III. ENERGY CONSERVATION AND JUNCTION CONDITIONS
From eqs.(11) and (12) it follows that
Gµν = −
1
2
Λ5gµν +
2
3
κ25
[
(5)TABg
A
µg
B
ν +
(
(5)TABn
AnB −
1
4
(Tr (5)T )
)
gµν
]
+(Tr K)Kµν −K
C
ν KµC +
1
2
gµν [(Tr K)
2 − (Tr K2)]− Eµν . (13)
The term Eµν is the projection of the bulk Weyl tensor on the brane:
Eµν =
(5)CACBDn
CnDgAµg
B
ν . (14)
Now, the curvature factors are to be expressed in terms of momentum-energy tensors. This can be done using two
conditions: the Israel-Darmois junction conditions and the Z2-symmetry. This last one physically asserts that, when
one approaches the brane from one side and go through it, she emerges into a bulk that looks the same, but with the
normal vector direction reversed, n 7→ −n, meaning a mirror condition. In more formal terms, taking another basis
{vA} of the bulk, it is well known that the exterior product among elements of each basis {eA} and {vA} are related
by v0 ∧ v1 ∧ · · · ∧ v4 = det(v
B
A ) e0 ∧ e1 ∧ · · · ∧ e4, where vA = v
B
A eB. The number det(v
B
A ) is positive [negative]
if the bases {eA} and {vA} have the same [opposite] orientation, where the orientation in the bulk is defined as a
choice in Z2 of equivalence classes of bases in the bulk (or also in the brane). Any tangent vector space has only two
orientation possibilities, depending of the signal of det(v BA ), and any homomorphism given by eA 7→ F eA, satisfying
det(F BA ) > 0, does not change the tangent space orientation. Then the mirror condition means the orientation
over TxM is changed. It is worth to emphasize that such mirror transformations are trivially achieved in bulks
described by non-orientable manifolds, like the Mo¨bius strip, for instance. In this case it is possible to achieve mirror
transformations without puncturing the surface, by means of the parallel transport of a normal vector field, over a
closed path. In this sense, after parallel transporting the vector, normal to the surface, over a closed path, it points
in the opposite direction and, despite reversing the normal vector direction, the related observer is on the another
side of the brane. The formalism of brane world scenarios on non-orientable manifolds are beyond the scope of the
present paper.
The Israel-Darmois conditions [34, 35, 36, 37, 38] are obtained assuming that in the bulk field equations,
(5)GAB = −
1
2
Λ5
(5)gAB + κ
2
5
(5)TAB, (15)
the momentum-energy tensor (5)TAB is a sum of a bulk intrinsic momentum-energy tensor and a brane momentum-
energy tensor integrated in a brane neighbour region (from y = −ǫ to y = +ǫ, where y is the coordinate representing
the bulk from the brane). The Israel-Darmois conditions are given by
g+µν − g
−
µν = 0, K
+
µν −K
−
µν = −κ
2
5
(
T braneµν −
1
3
T branegµν
)
, (16)
where T brane = (Tr T braneµν ). The term T
brane
µν is the description of the momentum-energy tensor of the brane by an
inhabitant of the bulk. In order to write T braneµν using entities realized by an inhabitant in the brane, we use
T braneµν = Tµν − λgµν , (17)
where λ is defined as the tension on the brane. The second assumption is the Z2-symmetry, resulting in the conditions
K+µν = −K
−
µν = Kµν . Substituting these expressions in the Israel-Darmois conditions it follows that
Kµν = −
1
2
κ25
(
Tµν +
1
3
(λ− T )gµν
)
. (18)
5Another step is to use the results above in order to develop the extrinsic curvatures terms in eq.(13):
(Tr K)Kµν −K
C
ν KµC =
1
4
κ45
(
TTµν − T
C
ν TµC
)
, (19)
obviously implying that
(Tr K)2 − (Tr K2) =
1
4
κ45
(
(Tr T )2 − (Tr T 2)
)
. (20)
From eqs.(19) and (20) it follows that
(Tr K)Kµν −K
C
ν KµC +
1
2
gµν((Tr K)
2 − (Tr K2)) =
1
4
κ45
[
TTµν − T
C
ν TµC +
1
2
gµν((Tr T )
2 − (Tr T 2))
]
. (21)
Substituting eq.(21) in eq.(13), we obtain the following equation for the fields in the brane:
Gµν = −
1
2
Λ5gµν +
2
3
κ25
[
(5)TABg
A
µg
B
ν +
(
(5)TABn
AnB −
1
4
(Tr (5)T )
)
gµν
]
+
1
4
κ45
[
TTµν − T
C
ν TµC +
1
2
gµν((Tr T )
2 − (Tr T 2))
]
− Eµν . (22)
This equation can be further simplified if the momentum-energy conservation law is valid on the brane, i.e.,
T ;νµν = 0. (23)
An expression for T ;νµν in terms of
(5)TAB can be found by combining the following equations, respectively describing
the field equations in the bulk, the Israel-Darmois junction conditions and the Gauss-Codazzi equations:
(5)GAB = −Λ
(5)
5 gAB + κ
2
5
(5)TAB, (24)
Kµν = −
1
2
κ25
[
Tµν +
1
3
(λ− T )gµν
]
, (25)
K BA ;B −K;A =
(5)RBCg
B
An
C . (26)
Performing the covariant derivative of the curvatures and using eq.(25) it follows that
K ;νµν −K
;ν = −
1
2
κ25T
;ν
µν , (27)
and using eq.(26) it follows that
(5)RABg
A
νn
B = K Aν ;A −K;ν . (28)
But from eq.(24), the expression
(5)RAB = −Λ
(5)
5 gAB + κ
2
5
(5)TAB +
1
2
(5)gAB
(5)R (29)
holds, which implies that
K Aν ;A −K;ν =
(
−Λ
(5)
5 gAB + κ
2 (5)
5 TAB +
1
2
(5)gAB
(5)R
)
gAνnB. (30)
Now, introducing eq.(1) in eq.(30) and attempting for the fact that the projections of the Ricci tensors in the nA
direction are zero, we get from eq.(27)
T Aµ ;A = −2
(5)TABg
A
µ n
B. (31)
Assuming that T Aµ ;A = 0 in the brane, it is immediate that
(5)TAB = 0. This means the bulk is in complete vacuum
and the particles are in fact on the brane. Now, the field equations reduce to
Gµν = −
1
2
Λ5gµν +
1
4
κ45
[
TTµν − T
C
ν TµC +
1
2
gµν((Tr T )
2 − (Tr T 2))
]
− Eµν , (32)
showing the contribution of the bulk on the brane is only due to the Weyl tensor.
6IV. BLACK HOLES ON THE BRANE
The Bianchi identities, applied to the Einstein field equations found in the last section, are expressed as G ;νµν = 0,
which implies that E ;νµν − S
;ν
µν = 0, where
Sµν :=
1
4
κ45
[
TTµν − T
C
ν TµC +
1
2
gµν((Tr T )
2 − (Tr T 2))
]
. (33)
A vacuum on the brane, where Tµν = 0 outside a black hole, implies that
E ;νµν = 0. (34)
Eqs.(34) are referred to the non-local conservation equations. Other useful equations for the black hole case are
Gµν = −
1
2
Λ5gµν − Eµν , R = R
µ
µ = 0 = E
µ
µ. (35)
The Weyl term Eµν carries an imprint of high-energy effects sourcing KK modes. It means that highly energetic stars
and the process of gravitational collapse, and naturally black holes, lead to deviations from the 4D general relativity
problem. This occurs basically because the gravitational collapse unavoidably produces energies high enough to make
these corrections significant. From the brane-observer viewpoint, the KK corrections in Eµν are nonlocal, since they
incorporate 5D gravity wave modes. These nonlocal corrections cannot be determined purely from data on the brane
[39]. In the perturbative analysis of Randall-Sundrum (RS) brane, KK modes generate a correction in the gravitational
potential V (r) = GM/r, which is given by [40]
V (r) ≈
GM
r
(
1 +
2l2
3r2
)
. (36)
The KK modes that generate this correction are responsible for a nonzero Eµν . This term carries the modification to
the weak-field field equations, as we have already seen. The RS metric is in general expressed as
(5)ds2 = e−2k|y|gµνdx
µdxν + dy2, 0 ≤ y ≤ πrc (37)
where k2 = 3/(2l2), l denotes the bulk curvature radius, k is a scale of order the Planck scale, rc is the compactifi-
cation radius and the term e−2|y|/l is called the the warp factor [40], which reflects the confinement role of the bulk
cosmological constant Λ5, preventing gravity from leaking into the extra dimension at low energies.
Concerning the anti-de Sitter (AdS5) bulk, the cosmological constant can be written as Λ5 = −6/l
2, where l is the
curvature radius of AdS5. The brane is localized at y = 0, where the metric recovers the usual aspect. Therefore, a
particular manner to express the vacuum field equations in the brane given by eq.(35) is
Eµν = −Rµν , (38)
where the bulk cosmological constant is incorporated to the warp factor in the metric. One can use a Taylor expansion
in order to probe properties of a static black hole on the brane [41], and for a vacuum brane metric,
gµν(x, y) = gµν(x, 0)− Eµν(x, 0)y
2 −
2
l
Eµν(x, 0)y
3 +
1
12
(
Eµν −
32
l2
Eµν + 2RµανβE
αβ + 6E αµ Eαν
)
y=0
y4 + · · ·
where  denotes the usual d’Alembertian. It shows in particular that the propagating effect of 5D gravity arises only
at the fourth order of the expansion. For a static spherical metric on the brane given by
gµνdx
µdxν = −F (r)dt2 +
dr2
H(r)
+ r2dΩ2, (39)
the projected Weyl term on the brane is given by the expressions
E00 =
F
r
(
H ′ −
1−H
r
)
, Err = −
1
rH
(
F ′
F
−
1−H
r
)
, Eθθ = −1 +H +
r
2
H
(
F ′
F
+
H ′
H
)
. (40)
Note that in eq.(39) the metric is led to the Schwarzschild one, if F (r) equals H(r). The exact determination of these
radial functions remains an open problem in black hole theory on the brane [39].
7These components allow one to evaluate the metric coefficients in eq.(39). The area of the 5D horizon is determined
by gθθ. Defining ψ(r) as the deviation from a Schwarzschild form H , i.e.,
H(r) = 1−
2M
r
+ ψ(r), (41)
where M is constant, yields
gθθ(r, y) = r
2 + ψ′
(
1 +
2
l
y
)
y2 +
1
6r2
[
ψ′ +
1
2
(1 + ψ′)(rψ′ − ψ)′
]
y4 + · · · (42)
It shows how ψ and its derivatives determine the change in the area of the horizon along the extra dimension. For a
large black hole, with horizon scale r≫ l, we have from eq.(36) that
ψ ≈ −
4Ml2
3r3
, (43)
that shall be used to estimate the AdS5 bulk curvature radius due to observational luminosities of quasars, that is
the same as to the supermassive black holes accreting gas.
V. LUMINOSITY IN QUASARS AND ADS CURVATURE RADIUS
The observation of quasars (QSOs) in X-ray band can constrain the measure of the AdS5 bulk curvature radius l,
and indicate how the bulk is curled, from its geometrical and topological features. QSOs are astrophysical objects
that can be found at large astronomical distances (redshifts z > 1). For gedanken experiment involving a static black
hole being accreted, in a simple model, the accretion eficiency η is given by
η =
M
6RSbrane
, (44)
where RSbrane is the Schwarzschild radius corrected for the case of brane-world. The luminosity L due to accretion in
a black hole, that generates a quasar, is given by
L = ηM˙, (45)
where M˙ denotes the accretion rate and depends on some specific model of accretion. In order to estimate RSbrane,
fix H(r) = 0 in eq.(41), resulting in
1−
2M
RSbrane
−
4Ml2
3R3Sbrane
= 0. (46)
The above solution for RSbrane is relatively straightforward to be found in terms of the curvature radius l. It is then
possible to find an expression for the luminosity L in terms of the radius of curvature
L(l) = η(l)M˙. (47)
Having observational values for the luminosity L, it is possible to estimate a value for l, given a black hole accretion
model. As usual, denoting M⊙ = 10
33 g the mass of the sun, for a tipical supermassive black hole of 109M⊙ in a
massive quasar, a spherical accretion model as the Bondi-Hoyle model [42] gives M˙ ∼ 800M⊙ yr
−1. Supposing the
quasar radiates in Eddington limit, given by (see, e.g., [43])
L(l) = LEdd = 1.26× 10
45
(
M
107M⊙
)
erg s−1 (48)
for a quasar with a supermassive black hole of 109M⊙, the luminosity is given by L ∼ 10
47 erg s−1. The accretion
efficiency, in this case, is given by η(l) ∼ 10−2 or, from eq.(44), RSbrane(l) ∼ 10M. Estimating RSbrane(l) in terms
of l is equivalent to estimate the curvature radius of the AdS5 bulk. Substituting the result above in eq.(41) gives
ψ ≈ −0.8, with respect to a SMBH with mass of magnitude 109M⊙. In the first approximation given by eq.(43)
the AdS5 curvature radius is l ∼ 25M . It accords to the WMAP observational results [44], since it agrees with the
possibility of an approximately flat universe at large scales.
Now we are able to determine the order of the extra dimension compactification scale k, since it is closely related
to the AdS5 bulk curvature radius [40] by the expression k
2 = 3/(2l2), leading to k ≈ 10−2/M , where it must be
emphasized M denotes a SMBH mass. This can be useful for the future accelerators experiments in order to impose
limits on the investigation range of the extra dimension compactification radius, among other branches of applications.
8VI. CONCLUDING REMARKS
The outcomes presented in the last Sections points basically for two possible conclusions. On the one hand, the
AdS5 bulk curvature radius, and consequently the extra dimension compactification radius, is determinated from
quasar luminosity observations. On the other hand, the approximation given by eq.(43), proposed by a lot of authors,
is not a so good solution in order to describe a Schwarzschild black hole on the brane. In fact, for the approximation
adopted, gθθ in eq.(42) decreases as one moves off the brane. This is consistent with a pancake-like shape of the
horizon. However, the correct horizon shape is the tubular one, in Gaussian normal coordinates (see, e.g., [45]). Thus
a simple brane-based approach, while giving useful insights, does not lead to a very realistic black hole solution.
Indeed, up to this moment, there is no known solution representing a realistic black hole localized on the brane, which
is stable and does not present any naked singularity [39]. This remains a key open question on nonlinear brane-world
gravity. Some applications in astrophysics [60] and particle physics [61], involving extensions of the present paper,
are presented [60, 61].
However, the points discussed in the present paper sheds new light on the theory of supermassive black holes in
brane-world scenarios, since it exhibits a constraint involving quasars luminosity and the AdS5 curvature radius, in
order to find a suitable black hole solution. If the brane-world models are to be correct, the quasars luminosity does
contain a smoke gun signature to estimate the right correction of the term ψ in eq.(41), and the correct fixed value
to the AdS5 curvature radius l.
One interesting remark is that the AdS5 influence on the brane is totally due to the Weyl tensor, related to the bulk
geometry. From the geometric viewpoint, it carries intrinsic modifications in the black hole accretion mechanism. Some
alternative directions to approach the present formalism can be pointed out, trying to encompass the questions related
to this article. The first one arises from the fact that, since after Witten proved general relativity is a renormalizable
quantum system in (1+2) dimensions [46], a lot of interesting motivations to investigate the AdS5 spacetime have been
arising, in the light of the generalization of the gravity gauge theory in (1+2) dimensions to higher ones [33]. The first
attempt was to enlarge the Poincare´ group of symmetries, supposing an AdS group symmetry [47], which contains
the Poincare´ group. Also, the AdS/CFT correspondence asserts that a maximal supersymmetric Yang-Mills theory in
4-dimensional Minkowski-spacetime is equivalent to a type IIB closed superstring theory [7, 50, 51, 52, 53, 54, 55, 56].
The 10-dimensional arena for the type IIB superstring theory is then described by the product manifold S5× AdS5,
and so our future investigations are directed towards brane-world scenarios and AdS5 spacetime and their possible
relationships with supersymmetric theories.
Other two possible directions to find black hole solutions in a brane-world scenario involve respectively the cohomo-
logical and geometrical aspects of the brane and the bulk. On the one hand, nowadays the search for a brane-world
scenario is based on an orientable manifold describing the bulk. The Z2-symmetry in the brane, known as the mirror
symmetry, describes a change in the orientation when one passes through the brane, from one side to the other side of
the brane. It can be interpreted by a non-homomorphic ‘puncture’ map on the brane, which can be led to a homomor-
phic map, if one supposes that the brane is non-orientable [33]. For instance, considering the non-orientable Mo¨bius
strip, the parallel transport of a normal vector on a closed path makes the vector reverse the sign after returning to the
initial point over the strip. Up to our knowledge, there is no investigation about branes in non-orientable manifolds,
which certainly can bring some novelty in this open research field. On the another hand, the Weyl tensor has been
more formally investigated by its increasing importance concerning symplectic geometry and twistor fibrations, which
are closely related to open problems in quantum gravity [48, 49]. It is known that the set of all compatible complex
structures on the tangent spaces of the bulk M has twistor structure, by considering a canonical almost complex
structure induced by a symplectic connection on M . The integrability equation of the almost complex structure
appears in terms of the curvature and it agrees with the vanishing of the Weyl curvature tensor, related to conformal
flatness. It proposes a close relation between the investigations on symplectic connections and that of twistor spaces
[57], and the recent developments in string theory [58, 59]. More comments concerning such structures are beyond
the scope of the present paper.
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9Appendix: some useful properties of the Weyl tensor
The curvature tensor can be decomposed into the part which depends on the Ricci curvature, and the Weyl tensor.
Considering a manifold of dimension n, when n > 3 the second part can be non-zero. In a conformal change of the
spacetime metric g, the Weyl tensor is invariant, and it is also called conformal tensor. A necessary condition for a
Riemannian manifold to be conformally flat is that the Weyl tensor vanish. Moreover, the Weyl tensor is identically
null if and only if the metric is locally conformal to the standard Euclidean metric.
The Weyl curvature tensor is defined as being the traceless component of the Riemann curvature tensor. In other
words, it is a tensor that has the same symmetries as the Riemann curvature tensor with the extra condition that its
Ricci curvature must vanish [30].
In dimensions two and three the Weyl curvature tensor vanishes identically. The Weyl tensor can be obtained from
the full curvature tensor by subtracting out various traces. This is most easily done by writing the Riemann tensor
as a (0,4) valent tensor, by contracting with the metric. The (0,4) valent Weyl tensor is then written as
W = R−
1
n− 2
(Ric−
s
n
g) ◦ g −
s
2n(n− 1)
g ◦ g
where Ric denotes the Ricci tensor, R denotes the scalar curvature, and g ◦ h denotes the Kulkarni-Nomizu product
of two arbitrary metrics g and h:
(g ◦ h)(u, v, w, z) := g(u,w)h(v, z) + h(u,w)g(v, z)− g(u, z)h(v, w)− g(v, w)h(u, z).
The ordinary (1,3) valent Weyl tensor is then given by contracting the above with the inverse of the metric. The
Ricci tensor describes the local gravitational field of the nearby matter. The long-range gravitational field, namely
gravitational waves and tidal forces, propagates through the Weyl conformal curvature tensor. It is well known that
spacetime, at least locally, can be split in spacelike surfaces plus time, if a timelike vector field n, tangent to the
worldline of a given observer, is chosen. The splitting of the gravitational field into its local and nonlocal components
is shown in the following decomposition of the Riemann tensor
Rabcd = Cabcd +
1
2
(gacRbd + gbdRac − gbcRad − gadRbc) +
1
6
R(gacgbd − gadgbc), (49)
where Cabcd denotes the components of the Weyl tensor, which presents all the symmetries of the Riemann tensor
and also Ccacb = 0. Relative to the fundamental observers, the Weyl tensor decomposes further into its irreducible
parts according to
Cabcd = (gabqpgcdsr − ηabqpηcdsr)nqnsE
pr + (ηabqpgcdsr + gabqpηcdsr)uqusH
pr (50)
where gabcd := gacgbd − gadgbc [62, 63]. The symmetric and trace-free components Eab and Hab are known as
the electric and magnetic Weyl components and they are given by Eab = Cacbdu
cud and Hab =
1
2ǫ
cd
a Ccdbeu
e, with
Eabu
b = 0 = Habu
b. The electric part of the Weyl tensor is associated with the tidal field. The magnetic component
is associated with gravitational waves [64]. Of course, both tensors are required if gravitational waves are to exist.
The Weyl tensor represents the part of the curvature that is not determined locally by matter. The dynamics of the
Weyl field is not entirely arbitrary because the Riemann tensor satisfies the Bianchi identities, that when contracted
take the form [62]
∇Cabcd = ∇[bRa]c +
1
6
gc[b∇a]R. (51)
Then, field equations for the Weyl tensor are simulated by Bianchi identitites, determining the part of the spacetime
curvature that depends on the matter distribution at other points [62]. Eq.(51) splits into a set of two propagation
and two constraint equations, which gives the evolution of the electric and magnetic Weyl components [65].
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